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1. Introduction 

let u. consider the probl« of flndln* • tw*llm «Urf) »W** «*ti«fiM 

tha parabolic partial differential aquation 

(1.1) 

in Ri   0 

(1.2) 

.. - n    ♦ f U»tfu) 

« x < A,   0 < t < f   and which satiaf lea the Initial condition« 

n(x,0) *fG0 0<» <A 

and the boundary condition» 

1o1(t)ax(0,t) ♦ p1(t)n(0,t)    - 

«2(t)uxU,t) ♦ P2(t)u(A,t)    - 

0*1 

0*t . 

The function u(x,j) 1« retired to be continue«, and bo-dad in R ♦ S, .bar. 8 

1. the boundary of R, axcapt that continuity of «(xjr) is not r^uirad at a 

point of S -he« a Ju-p discontinuity occur, in any of tha other function, in- 

volved in (1.2) and (1.3).   H "»««a that all function, are contlnuoua and 

bounded in R. 

An analytic solution for tha above probla« i« avallabl. only under vary 

special conditi^a.    U «hall not aaak auch .olutlon. hat«.   Moreowr, a. .hall 

not ,,.n consider tha rery ioporUnt question, of «lrf-o. and unl^u«»M. 

Bather, re .toll be concmd .ith tha study of «warier proceduroa for aolv- 

in« certain differ.«* ►.u.Uona .hieb on. obtain, ate« « u.a. finita diff.r- 

•ne. -thods.    Or couraa it la «cogmaed thai any .*.tion. ao obtained «ould 

b. of no value in tha awt that no »olutlon of tha original probl« «i** 

or in the .«at that -or. than on. eolution «xiaUd.   !■ crUln COM« axlrt.no. 

n 

i t' 

€    i 
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and uniqueness »re available (See for inetanoe [l] and [ft] ). 

the irwrrf'Ti'» methods which we> shall consider inclnde the well-known 

Forward Difference) method, tba Crank-aloolaon method [Ul and the DuForV-rrankal 
method [$].   With the Crank-« icolaon aathod ana la usually required to solve 

at »ach step a ays tea of simultaneous equations.   Thle can ba dona effectively 

In many cases using the Successive Overrslaxation aathod of iteration [22], 

Alternatively if the system la linear, or la replaced by * related linear 

system, one can use a non-iterative method, apparently flrat used for thia 

type of problem by &-uce, reaceman, Bachford, and Rica [i]. 

In section 2 ve first derive finite difference representations of the 

boundary conditions including two well-known methods and one which we have 

not seen in the literature.   Ve then derive several difference equations and 

obtain local error estimatea using methods of numerical quadrature«   Next, we 

consider the process known as " extrapolation to aero grid sise" , first used 

by L.P. Richardson [20j.   Using thia process one can, under favorabls condi- 

tions, appreciably improve the   accuracy of the finite difference nuthods. 

Ve indicate how results obtained using several different grid site» can often 

be used to obtain a more accurate extrapolation formula than one would obtain 

using Richardson's formula wherein it Is aasnmad that the error tends to aero 

like the square of the grid sine. 

In order to compare the various finite difference methods wa prepared 

a comprehensive ratine for Ordvac which is capable of solving a large class 

of problems by each method.   Details of this program am given in section « 

and appendix.       The specific problems «Mali wa considered are discussed la 

section 3» 

V 



The prognm may be considered as a research tool to snsbla one to study 

the effectiveness of the various Methods under different conditions.   Mien used 

together «1th a more complete theoretical analysis than we have been able to 

carry oat here, It Is to be expected that new and significant results on 

finite difference Methods should be obtained. 

In section 5 the results obtained on the Ordvae axe analysed and tentative 

conclusions are reached as to the order of convergence and the overall effective- 

ness of each of the methods.    For the linear case our results Indicate strongly 

that the use of the Crank-Nicolson method with the non-iterative procedure, 

Is superior to any of the other methods.   In the non-linear ease however, one 

loses accuracy with this method if one modifies the difference equation ir an 

attempt to avoid «11 iterations.    Further work appears to be indicated in 

order to preserve the accuracy of the difference equation without requiring 

too many iterations.   Vie suggest one possible scheme for doing this, but we 

have not yet tried it out on the machine« 

For the Forward Difference method and for the Crank-Nicolson method, used 

with the Iterative process, we found that the accuracy could usually be Lm- 

proved considerably by the use of the proper extrapolation to sero grid else. 

Such extrapolation was more difficult to carry oat for the Crank-Kicolsoa 

methodjUsed without iterations. 

as expected the ass of the proposed method for representing the boundary 

conditions appeared to be sore accurate than either of the other two considered. 

Although this study is far from complete, It was felt that the work 

which has been dons to date should be reported sow, especially since no fur- 

ther work can be dons daring the nest academic yssjr.   lbs work may be regarded 



as a natural extension of research   which was begun by the Interior Ballistic« 

Laboratory, Aberdeen Proving Ground.   One of the objects «as to determine the 

order of convergence of the Forward Difference Method*   Extensive calculations 

were carried out on the Bell Relay Cosputer, as described in [6], and on tho 

Eniac.   The latter   calculations have not previously been reported.   V« shall 

study the» in section 5 along with the Ordvac results. 

In addition to acknowledging the sponsorship of the Office of Ordnance 

Research, U.S. army, we should also like to express our appreciation for 

the encouragenent and assistance furnished by the Interior Ballistic Labora- 

tory at the Aberdeen Proving Ground.   Discussions with Dr. V.C. Taylor of the 

Interior Ballistic   Laboratory and with Dr. B.L. Hicks, formerly of that lab- 

oratory, were of great value.   We are also pleased to acknowledge the assis- 

tance of Dr. R.H.   Conlan, Miss J.M. Wood, Mr. B.r.C. too, and kr. 3. Soscia 

■ho worked at various tiases on the progras«,!/^ :£ the problea for Ordvac. 
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2. Difference Bquatlona 

let h and k ba positive nuabera such thai */h 1» an Integer, which «a 

denote by ■, and let Ihfk denote tha aat of points (x,t) auch that x/h and 

t/k ara Integara. let \fk and \ k danoU respectively tha aat of polnta 

of I,, k belonging to R and to 3,(Sea Figure 1). la replace the problaa of 

the pravious section by.that of finding a function u(x,t) defined on Rj,^ ♦ Sj^k, 

satisfying a certain difference equation on ^ k and satisfying on S^ fc 

certain other conditions derived froa (1.2) and (1.3)* 

U 

1 
k 

T 
(0,0) U,C) 

Figure 1 

equation* 
In this section »a derive flnlU dlffereneeA »hid. ?~a obUlned froa the 

difforentlal equation and froa the boundary conditions, and seek to ratlaat« 

the accuracy. Our aethods are by no aaans rigorous- Indeed they are aerely 

formal aethods utilising Taylor aerie« expansions whenever convenient, never- 

theless, it is felt that these aethods «ill give aoaa baaU for asking eoa- 

parlsons of the accuracies' of the various flnlte difference aethods, at least 

I 

H 
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far BOM cases. Is «ill later test the comparisons thus obtained against 

nuaerlcal results obtained for typical probleas on the Ordmc. 

For discussion of finite difference analogues of probleas involving 11M 

infinite region -••<«<•«>• the reader is referred to papers b/ Courant,Fried- 

richs jid Levy ß] and by Fits John &4. 

In addition to deriving the difference equations we «ill also describe 

here the associated nuaarical procedures. In order that «e nay be able to 

give a coaplete description of these procedures it is convenient to first 

consider the treatawnt of the boundary conditions. 

•*.; 



2.1   Boundary condition«.   Although our discussion could to extended 

to cow son |MH«1 situations, we shall consider only the following tao 

types of boundary condition» 

f(a)    ulO.t) -   #t)      ,      (t*0) 
(2.1.1) \ 

1(b) u(A,t) -   ftt)      ,      (t SO), 
and 

f(«) u (o,t)  --H(u   - u(0,t))     ,      (t»0) 
(2.1.2) ] X g 

I (*>)    ux(*»t) - 0 ,      (t > 0) . 

Her« H and u   »re constant«. 
E 

Vie shall at tines refer to the boundary conditions represented by (2.1.1) and 

(2.1.2) as B V and N D conditions,  respectively. 

we first note that the initial conditions (1.2) are easily represented by 

(2.1.3) «, n - «« i * i * y-i. 

Here ind subsequently we let u± j-u(ih,Jk), g.-g(ix),ete., «hers 1 and J are 

integers.    Moreover, the R * conditions (2.1.1) can be replaced by 

. 3 i 

(2.1.«/ 

However, »ith the KB condition (2.1.2a) we shall consider several alter- 

native (.roceduzrs.    A numbor of these are considered by Price and Slack [93* 

V.« shall discuss t>o of thas« together with one which any «wry «ell be known 

also, although we luv« nut seen it in the literature. 

In order to simplify our notation we shall consider a configuration of 

four points near the line x " 0, as shown in Hgure 2*    we denote by u , t., 

x , f. the values of the respective variable« at the point nuabered 1, (i • 0, 

1, 4, 5).   De seek relations between u   and «me or store of the other •..    1% 

i$.:mmt»\m>>-im«>i 

!&. 
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x«0 x-h 
I 
i 

p-—k- 
i 
i 

- t-(J*l)k 

*—X--.t-* 

Typical Boundary Configsratlon - Left Hand Boundary 

Figaro 2 

is assumed that u    and u    have already Wen obtained by previous calculations. 
4 9 

PWhaps tiai cost obvious wrthod is to replace u (0,t) by (u.- t)h"   in 

(2.1.2a)  obtaining 

(2.1.5) Up«*   ,*L ♦ hB« 

1 ♦ Hh 

r'oreula (2.1.5) defines a procedure for representing (2.1.2a) «Lieh M shall 

r*rer to as Ootiun I. 

To study U* accuracy of (2.1.S) m exp*»«i u(x.t) in a Taylor eeri-s about 

Use point  (*DtO  obtaining 

^ - uQ ♦ httjj ♦ Jta*»^ ♦ . . . 

Using (2.1.2a) »e obtain 

(2.1.6) 
0 i ♦ Ä *(**»>) 

be note that the leading tens of Us local error, given by the right nerJber of 

(2.1.6) is 0(h2).    as shall not try to eitisste hers the effect of local errors 

on tne accuracy of the solution of the difference equation as • sclutlcn of ths 

J 

\    i 

i i 

fc        1 
■' 
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differential «Ration.    Instead we stall attempt to infer this fro» the results 

of Ordvac computations« 

If uz» nakes UM of the differential esubtion at tu point (x4,t.)» on» 

can obtain »ore accurate formula •.   Thus, using a Taylor caries expansion 

abeut (*4ft4) we hare 

*b - «4 * *\ * *kSt ♦ • • • 

«5 - u4 ♦ ha^ ♦ Jh2«^ ♦ Jh5 ttjoQj ♦ . . . 

Here the derivatives are evaluated at (x^,t^).    Using (1.1) and the relation 

u    - - H(u - n ) «e obtain 

(2.1.7) UQ c/i   «4(l-2r) ♦ Znig ♦ 2rhH(u - nj ♦ kf4 

»hare th« leading terms of the difference between the right and tie left nea- 

ber: of (2.1.7), *.i.at Is, the ri^ht seoLer sinus tie left aetsber, are 

(2.1.8) -Ä.ra   ♦   £v. 

here and subsequently *e let 

(2.1.9) r - \ . 

Price and SI-ck [is]   shoe that this fonaula introduces instability for r > J, 

In contrast to (2.1.5) »Lieh is stable for el) r.    Thus ascuaing k • rh , »lea 

r It 1 cxiUnt not fTeatar ti*n J, *e obtain froa (2.1*8) 

. 44 
3   To« (2.1.10)       -T\» * T"\t 

Thus the leading tera, of the local error is 0(hS) as compared with 0(bz) with 

Option 1.    tWrrtun-tely, hoeever, as »e shall see later, the limitation »hlch 

must te tmpoted on ► is very sever«. 
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ID 

W stall refer to (2.1.7) air Option II. 

'«e oox seek a f oraula »hich is as accurate as Option- II and which is, at 

the sans tie», stable for all r.    With this a ist we expand u(x,t) in a Taylor 

series about tLe paint (v»t0)  obtaining 

«, • u   ♦ ha 
1      0 

* • n> - *s ♦ *St -1'Nu ♦ 
Using (2.1.2a) and (1.1) we have 

^ ♦ hHug + ^j ♦ 3fa2fQ 

(2.1.11) UJJ */i 

«Lere the leading tor» of the difference beUeen the right and left nesbers of 

1 ♦ hU ♦ 1. 
Zr 

(2.1.11) is 

(2.1.12) 

1 ♦ hH ♦ i 2r 

e>i&>ntly Urn leading tern of the local error for (2.1.11), which le stall call 

Option III, is 0(h2k ♦ h5).    Uoreover, since all coefficients in (2.1.11) are 

positive, the forrula is stable for all r. 

In sow cases it is convenient to replace f   by f. in (£.1.11), obtaining 

(2.1.13) V 
^ ♦ hHug ♦ £ u4 ♦ \*\ 

1 ♦ ha* *^- 
2r 

»tare the nuserator in (2.1.12) io changed by * Urs »hose absolute value is 

|fa*W* , ehere   f£ • f» ♦ f i^.    Since this teni is 0(h*k), the order cf the 

local accuracy of (2.1.13) is the saae as that of (2.1.11).    be »ill refer to 

(2.1.13) aa Option III*. 

r»**p» 

'""-' -> it. ■ I V5 "" :-r- %<jjm. 
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t-(J*l)k 

t-jt 

x-A-h • x-A 

» 

i 

0 

1 
,_ * 4_. 

x*A«fa 

X 

Typical Boundary Conf ifiuration - Bight hand Boundary 

figure 3 

ft« now consider the treataamt of (2.1.Zb).    >or the aiiBpleet representation 

me replace u   by (u- O-Jh"   obtaining 

(2.1.14) ^ u»    ttj . 

It is easily seen that the leading tar« of ti*e diffcrane« betawen the right and 

left aecbers of (2.1.14) ia 

2    xx 

ao that (2.1.14) has the cans accuracy at Option X.    actually, of course,  (2.1.14) 

le a special case of (2.1.5) «i-ere B • 0. 

>onaula (2.1.14) representa the only setLod »hich »* need for treating 

(2.1.2b).    Perhaps a better procedure would t*»e been to consider UQ(J0) as 

an interior point ant* to use 

's- (2.1.15) a.   4*   a 

Here, the leading tern of the error la 

s 
bi 

1 * 
i 
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«Lieh is 0(hS). 
IT one doii not wiah to uaa the point (x-,tO, which 1« outside the region, 

cw Mgr obtain a. foraula of the saaa order of accuracy by using the point (x*»t4) 

instead.    Tita foraula a*y *■• obtainad isrcdUtely fron (2.1.11) by lotting I • 0« 

£* cat 

(2.1.16) 
Zr 

The leading tarn of the error ia 0(lr).   «a before the accuracy would be pre- 

served if we replaced f.by f. in (2.1.16), obtaining 

»  -i ;     • (2.1.17) "b 
*•& 

■- 3 

i 
i 
j 

;      ! 
I 

I    • 
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2.2 Forward dLTTgrgnct ggthod. For the derivation of tMr. and otter 

difference equations it «ill bo convenient to consider A typical configuration 

of points auch as shown in Figur» «., 

..:« __4*_._3_ t-o*i)k 

.1* • 

• 

-r--   t-Jk 

..|.-__J4-__f-. t-(j-l)k 
I • « 

x«(i-l)h   x-ih   x-(i*l)h 

Typical Configuration - Interior Point* 

Figur« It 

Wo U9UM here that 1 *lwM-l , but that J nay equal soro in which casa th« 

point (x,    ti ) would lie outside of the region. 

Probably the simplest difference equation is obtained by replacing u. by 

(UJ-UQ) k-1 and by replacing u^ by (u^UySUg) h"2.   These are fanlliar finiU 

difference representations of the respective derivatives.    However, for this 

aethod and for the others given below we shall present a derivation based on 

aethods of roiaarleal quadrature.   Although the actual finite difference formolaa 

COB» out the sane, nevertheless it seen* aiapler to obtain the error estimates 

by the aethod which w« use. 

^r (l.l) and the rectangle rule for integration «• have 
/•t *k /"*«♦* v* * 

V* " L       U« * f)Ä " k( V> * ^Sxt^tJ» t0 jtQ 

•here ffc • f   ♦ f 

0 J 0 

öelng Taylor*a aeries we also obtain 
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(2.2.2) V * (nl+ ^ - 2^b"*- i b\xxx * —     • 

Substituting la the previous equation we got 

(2.2.3) HJ ~ (l-2r)^ ♦ rUj* «3) ♦ kfQ 

■tore the leading tarn of the difference between the right and left 

of (2.2.3) i« 

(2.2.1.) k{(!-iz)iw}. 
Since the rusher of Use atepa needed to reach a given value of t 1« propor- 

tional to k     it seews reasonable to take 

(2.2.5) <£-£>W 
as A Measure of the local error.    It is well known, (See for instance [l8])that 

k must satisfy the condition 

(2.2.6) kwjh2 

in order for the numerical procedure to be stable.   Thus the local error for 

the   Forward Difference method is 0(h ). 

Of course, such an analysis does not, by any weans, indicate that the 

accuracy in the large is of second order,   the question of th« order of con- 

vergence in the large has been studied for a special class of problems by Juncosa 

and Young  [l2].    For an analysis of the situation in the large for the ease where 

u(x,t) is usuwed to possess certain partial derivatives in R+3, see Milne U7J. 

For B f problems with t,ft f vanishing, the convergence of the sequence of 

solutions of the Forward Difference wethod to the exact solution of the differen- 

tial equation has been proved by Leutcrt [l6j  for r< l/t ,    under the assumption 

that g(x) is pieeewiee continuous, that is, continuous except for a finite nuwber 

of finite junps, and that g(x) has a one sided first derivative everywhere. 

Hildebrand [9] proved convergence for 0<rft}   «»der the assumption that g(x) 

"M,J- '% "tV-*' ^ft "i& t8* 
■WV 
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la piecewise continuous and baa bounded variation.   Mora saver« restriction» 

«era imposed on g(x) for th» eaa« rs § •     Juncoaa and Young [llj proved con- 

vsrgence for r f $ under to« asauaption that g(x) ia piece«lM continuous. 

The nunerical computational procadare ia extremely simple.   Sire« on* 

knoaa Uj Q, 0 * i *. M , one can compute ttj ,, liitM-l using,(2.*.3) which 

for a general point becomes 

(2.2.7) ^J+1 - (1-Zr)^^ ♦ r(VlJ ♦ VlJ) ♦ kfA . 

For B V problems UQ J and Uy ^are given and we can proceed at once to the next 

row.   For II 0 problems we can compute «Q ^ directly from either   (2.1.5^2.1.7) 

or (2.1.13) and we can use (2.1.11»), (2.1.15) or (2.1.17) to find u^   .    Having 

thus determined all values of a.   . we proceed to compute values of a. - then 

^3 etc. 

were it not for the condition (2.2.6) on the site of k, the Forward 

Difference method would be ideal for use on computing machines,    unfortunately, 

when one attempts to Improve the accuracy by reducing h, say by a factor of 2, 

then the number of time steps is increased by a factor of I», waking the total 

«ork increase by a factor of 8.   More generally, one can assert that the work 

increases with th* third power of h   , or equivalently, as the third power of M. 

i-  J: 

-»»tSSiK«-      »»-^jlfrf^S«'«'*^?'*^''«- -    m**m. 
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2.3   Crank-Mlcolaon s*thod. If, inroad of using the wctangl« rule 

of integration u lo thi CM« of to» forward difference awthod, »e u»e the 

trapezoidal tula» we obtain 

(2.3.1)     \ 

.5. 

we obtain 

U^V^A^'J1^^"" 
Using Taylor'» series we hart 2 

^o " h~*(ui 4 "» " *V " if ^ * ' # # 

<V>2 r h    (U§ * "6 - 2U2) - fe «xxxx * ' ' • 
Substituting In (2.3.1) »«got « tituting In (2.3.D »eg«t " 2 .5 «. 

»j - £ -*> * 5TT&I [v V V \l 4 äfifefV 'J 
Solving for u   IM have 

(2.3.2) 

where we haw neglected the remainder «hose leading tens are 

■e note that the expression In the braces is 0(h ) as long as k ~ 0(b). 

Juncosa and Toung [13] showed that under certain conditions the error in the 

large is 0(h2) provided k = 0(h/ | log h|).It is not known, however, whether 

this result can be extended to include cases where k * 0(h). 

It is sootetiaws convenient to replace!^ bytjj in (2.3.2). The additional 

error which is introduced is proportional to k and hence the expression in 

braces occurring in (2.3*3) is Increased by a tera proportional to k. Thus 

if '£ tends to tero like h, the expression in the braces would be 0(h) instead 

of 0(h2). 
Soother aodiflcatlon ftf (2.3*2) is obtained by replacing the Urn j[f0* fj 

by *(»o»!K VV »^VV )*       ThU **««• *u aBd* *■ tte progran prepared 

for ths Ordvae.   For simplicity, we aasuae here that f(x,t,a)ls a function of 

t       ! 

■*■■■£*%■  -?**W*F *.f   =«»»=^pW! 

s^^L" 
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h 

u «Ion«.    Expanding la • Taylor series about UM point (x,t ), «her* t-Jt^^tj) 

«• hare «2-«4tta,
t*8 ^tt * * * * 

"b-"-2k«t*8 "St * * ' * 
f2     *     z ~t     B " "tt 1 ' 2 "t 

T     2 Bt kf " ♦ * kZf 8 k"ftt * 

H 
» -     -     -        ■- -12* 

•here f - fü},ü - u(x,t)        .    It 1« evident that J(f0* f,) - * ♦ g «" ftl 

'tt 

Therefore f (H V V J " ' * 8 k\%*t * * * ' 

and J(r0f 2) - f(HvV > " J k2fu - 8 "St'C ♦ • • •  " 0(k2)- 
f*f  (2.3.2) and (2.3*3) it is awident that tha order of accuracy has not 

been changed. 

For a general point (2.3.2) nay be «ritten 

(2.3.U)   u^ - £ Xi ♦ änfcjtvi. j * Vi, j * Vi, j* * Vi-J. 
Tso alternative nnanrical procedure« are available for using the Crank-^**'-* '*•"■•* 

licolson method. The first is an iterative method «herein, given all values 

of IL ., OeiW, one chooses a firat approximation u ' , 0«i€* and pro- 

ceeds to Iterate using the formula 

» (2.3.5)      ». i,J*l 

2(l*r 
Here the parameter ■>   known as the relaxation factor j is chosen In the range 

1{»<2     to accelerate the convergence.    At the end of each iteration one 

obtains ^nlntV solving (2.1.5),(2.1.7), (2.1.11), or (2.1.13) for ^ ^using 

the latest values of «^ .^«hen appropriate.   Similarly t^ .    Is obtained. 

The Iterative process is repeated until 

«here • is a preassigned tolerance,   »he» the Iterative process has converged, 

one proceeds to determine the values la the next roe la the 

»   J 

,-- 

i • 



r* 

The choice of the relaxation factoxja^whlcB will yield th« fastest 

can easily be computed for linear W problem». It is shorn in (22] that 

•her« I* is the aaxjau«   eigenvalue of the (M-l)x(lM) a«tri» 
fO f 0 0 ... 0\ 

p 0 p 0 ... o 
0 p 0 p ... 0 

,0000 ..p o^ 

»here P - gfi^.)' Jt ** «a*y *• 8ho" th*t 

(2.3.8) ^4"^£C0•M• 

Let us no« assose that k = 0(h) and that, as a result, r is propor- 

tional to U.   Since   for large II we haw 1-t» "|   , we can show, as in [tt], 

section 4, that the rate of convergence of (2.3.5) varies »B M   J hene* th« 

nuatber of iterations increases as M*.   Since the nuaber of points on each re« 

increases with K, it follows» that the work per row is proportional to M     . 

Moreover, since the nuaber of tine steps increases as M, (instead of kr as 

with the Forward Difference aethod) we conclude that the total tine increase« 

as Hewitt the Crank-«icol*on nathod compared with lP for the Forward Dtff«r- 

ence aethod.    Thus the Crank-Nicolscn aethod would appear to be superior U 

the Forward Difference method, at least for large M. 

The advantage of the Crank-Mlcolson aethod can be increased still further 

by using a non-1Urative procedure.   The effectiveness of this procedure dm- 

petids on the fact that for a linear systea Involving a   Jacobi   aetri*, i.e.,a 

aatrlx whose only non-tero eleaents occupy the aain diagonal and the two diagonals 

adjactnt to the aain diagonal, the solution can be obtained v»ry easily,   lhi» 

fact was observed by L.H. Thoaas in unpublished noUs [ZJand was applied U 

parabolic equatiocs by Bruce, Feaceaan, Raehford «ad Hie« [2]  .   Thus following 

their discussion, let us suppose we nave the systea 

x* H&L 

-5*  " 
I    1 



(2.5.9) 

Vi*cA    "di 
Vi-i * Vi * ciVi - di 2fifl4 

Vi*    ♦B- .vi   YE --I „ 
If on» carries out the fanlliar Gauss eliadsatlcn procedure, ellat- 

natln« the «leaents below the stain, diagonal of the matrix, and then uees the 

method of back substitution, one obtains 

(2.3.10a) 

«here 

(2.3.10b) 

and 

(2.3.10c) 

{ 1 « i « aV-1 
Xi   " *1 " biXl4l 

\ - Vh 
-ÄdL 

Bi' Vi-i 

b0-o 

!L 
Bi * Aibi-i 

l ft l * kui. 

The stability of tl»j confutation procedure has been Investigated by Theses 

in [2]. 

Ko more than about 3 or 4 times as snjch cork per row would appear to be 

required with this asthod as with the Forward Difference eethod.    Thus, if we 

assuae k * 0(h), than the aaount of work required increases as IT instead c£ 

VT2 with the iterative procedure and u   with the forward Difference nthod. 

Unfortunately, when (1.1) is non-linear it Is not always easy to obtain 

linnar o^uAtlor.- and still retain the desired accuracy.   S'or, If we us« 

(2.3.2), ee find that the unknown Tain« of a       . is involved, in ftneral, 
*» J*l 

ic a non-linear earner in the evaluation of the function f(x,t,v).    On the 

a? 
M: 
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other hand, If one replaces n^  .4l by Uj j , one obUins a Ian accurate f annuls» 

as discussed above.   To get around this difficultj in an analogous situation, 

Eruc«. Peacesan, Uachford, and Rice [z] used an iterative procedure together 

*ith the ncn-iterativ» aethod tor aolving the linear equations.    Although this 

procedure night appear to defeat the original purpose of avoiding all itera- 

tions, it is reported that convergence is obtained after a very few iterations. 

It edght not be too unreasonable to preassign a fixed nunber of iterations, 

independent of h and k, to be carried out at each tie* step.   Thus, the Ueun 

aethod for solving ordinary differential equations is the sane as the modified 

Eular nettod (see fur instance, Uilne [l?]) except that one performs only one 

iteration.    The local error for the Koun method is somewhat larger than, but 

of the tnz» order of magnitude as the modified Buler method. 

Another possible solution to this difficulty would be to use a difference 

equation involving more points.    However, care must be taken to avoid formulas 

which might lead to unstable procedures, and also to avoid obtaining a eatrix 

which »as not a Jacob! matrix. 

2.4    pufort-rranks 1 method.    In I5] Ou^ort and rranmal obtained a difference 

equation which is stable for all values of r and which, at Ute same time, yields 

explicit formulas for values of u in the new row in terms of values on previous 

rows,    -e may derive the formula by use of numerical HU"drsture *• follows. 

(2.4.1) **~"*'j[*   V*   " J%*   (,|B*f)dt 

i 

1 

[*«♦'<>] ♦fcMwM*--- -   2k I u     ♦ f 

\ « 
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Using Taylor'» series, as before, «• gat 

(2.4,2) \m*t* at(1 * *» " *Vb"*   *   fo3    * {"** M 
S 

¥<«wft>} ♦• •• 
If we nere to neglect the expression in the braces and all b $wr order term 

in (2.4.2) «e would obtain Richardson's aethod £20}, which is unstable for «H 

values of r and is thus unsuiied for nuaerical calculations unless very special 

precautions are taken jlSj.    Nevertheless, at this point *e reaark that the 

local error for Richardson's aethod is 

(2.4.S) »{-VwV <%»♦<>} • 
In order to obtain a stable aethod, DuFort and fcrankel replace VL. by 

|(u   ♦ u ) in (2.4.2) and obtain, after solving for u^f 

(2.4.4) •,«!♦§*    *   !<? (°1 * *i>    *   lS? f0 

♦   lfe{-^'W^(vt*<)-^utt^... 

No» if k - 0(h2), it is evident that the expression in the braces is 0(h2).    On 

the other hand, if k • o(h), then the expression inside the braces need not even 

tend to s«ro with h.    Consequently, although stability is assured for all h and k, 

for convergence the ratio k/h aust tend to sero with h, (see [Sj). 

Neelecting remainder teras mm have for a general point 

(2.4.5) «i,j*i • iS »i,^i ♦ lfe (um,j ♦ »i-M>  * l^F'i.J- 
Evidently, to compute u       ., one needs the values of u on the j-th and (j-l)st 

it j*l 

rows,   it the beginning one has only the values for J • 0.   To obtain the values 

*r,> 
,© ^ 

b*^ - 
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of u for J * 1 another procedure mutt be used.   Tbie paint 1* diacusMd farther 

in Section 4. 

The convergence of the Divert-*'rental mtthad for a certain elan of prob- 

lems has been given by Juncosa [_1*J« 

2.5.    Extrapolation, ia aero gxM SiÄ«   **w the process known at extrapo- 

lation to zero grid eise, proposed by L. *'. Richardson [20J, one assumes- that 

the error e^(x,t) • «-.(«,0 - u(x,t) is proportional to a*.    Here u(x,t) 1« 

the exact solution of the differential equation and «^(^»t) is the solution of 

the difference equation with h - A/M-    Usually certain restrictions are assumed 

for k.    Even though eL.(xft) might vanish like I   , as is indeed true for certain 

cases as shewn in [l2j,  [l3j, nevertheless it does not necessarily folio* that 

e (x,t) is exactly proportional to M   .    This can be easily seen by considering 

the case «here •„U,t) - U   sin M. 

If e (x,t) were directly proportional to I   »one could determine u(x,t) 

in terms of tL^x.t) and u    (x,t).    Indeed me «amid have) 

(2.S.1) u(x,t)  - u^lx.t) ♦ -£- [«^U^) - «gU.y)] • 

If one solves the difference equation far three different mesh sites, ob- 

taining u (x,y), u    (x,y), and «   (x,y) »a cam perform a simple test for the 
M cat 4M 

assumption that e (x,y)  is proportional to 1   .    Indeed, if the assumption 

wert valid, »a would have 

(2.5.2) 
•j^*»/) 

By computing the ratio, p, appearing la (2.5*1) one earn deUrmlne the proper 

extrapolation to aero grid slaa, provided amah exists, aad also eetieat* the 

'   J 
i 

* 



<te£TM of ccm»r*«nco of tho »»viuenco of »olutiortof tht «iff»r»ne« »inatlcB. 

It la not mcaisar? to compuU a itself sine« 2a «ppw« in (2.5.1). «« wiah 

to wntonl— one« «or«, that tbo cansidorniion» of thi« wetion *r» not ri««^ 

Mill—, . »JP>» ■■« < 
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S.   Specific Problem Considered 

In order to obtain SOB» Indication as to the validity of the non-rigorous 

mathematical considerations of the previous section, we havo solved some sanple 

problems on the Ordvac oooputer at Aberdeen.   i>« chose problems involving either 

boundaiy conditions (2.1.1) or (2.1.2) and either linear   and non-linear differ- 

ential evictions.    Actually, as «ill be seen in the next section, the prograa 

which was prepared for Ordvac is capable of handling entire classes of probleas 

rather t)>an merely the specific problems described below. 

3.1.    Boundary value problem - linear differential equation (BVL).    Here 

we selected a problem for which an analytic solution is readily available.    The 

equations are 

u ,   0 <x < 1, t >0, ,   0 <x < 1, 

,   0 < x <■! 

It       xx 

u(x,0) ■ g(x) 

u(0,t) - u(l,t) • 0 ,    t 8 0. 

The analytic solution for the case g(x) ■ 1 is given by 

oo 

(5.1.?) •(*>t) -i  £     J 
n-1 
n odd 

sin a*e -n fVt 

«e shall, by solving the difference equations with various nesh sises, 

atUspt to determine the rate of convergence for both methods.    For the Crank- 

Micolson e»thod we shall let k - 0(h) as fc-*0, even though the theoretical 

ilts have been proved only ux!er strenger restrictions on k, [lSj, In an resui 

attest* to determine whether a generallutiom is to be expected. 

«*»wr**^,|^!<irj»->stBr-. 
•.-;*5«»»^*r-'.xr«w 
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3.2.   flounOerj, value. j2£obl£i - non-ljlnear «Hfferantt»! equation (BTiO. 

The following problea dexcribed by Uartre« [7J appears to be typical of this 

class of prob leas. 
U 

f u.  • a     ♦ T • Q < x. < 1,     t>0 

(3.2.1) I u(x,0) »0 O^Kl 

(u(0,t) - u(l,t)  -0 t feO 

Here u(x,t)  represents the temperature in a substance «here tier« is generation 

of heat incruia-inj; exponentially »ith the tenperature.    «hen { exceeds a certain 

critical value tl ere is no steady state solution and the solution increases be- 

yond all bounds,    '«e shall not study this aspect of the problea bat, rather, 

»ill use a fixed value of 0.8 for  f, which ia below the critical rain«.    We 

shall solve the problea by the fconsard Difference and Crank-Micolson Method 

for several values of h.    Solutions for various values of  y have been obtained 

by Hartree usint* * differential analyzer and the results agreed *ulta «ell «its 

experiments. 

;! 

! 

h 

i: 

3.5.    Korr.il derivative proUarj (:.1)L and HD»Q_.    Here *e consider toujxfiuy 

conditions (2.1.2) Kith both the linear equation 

0 < r < A,      t>0 u    ■ u 
t XX 

(3.3.1) 

and the non-linear enuation 

(3.3.2) u- u     ♦ e~^U      0 <x < A,     t >0. 
*■       xx > * 

The initial conditions tre 

(3.3.3) f(x) - c 0 »xi A 

■bare in tl« cases thlcb we stall consider e • .031.    actually, in our eeeprt*- 

Uana, ce stall take for oar initial function not c(x) ■ 4)31 but a sat of 
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* je*'" \n*Crv>z*te ■ ■'■" 

IM, y~% ..»<»•<,, >*■    ■>■■ : 

,"•'»;_    **   •<•        ■"") •■ 

values obtained for a later value of t using the analytic solution of the 

llmar (XoMea (rue for instance [ß], page 22).    The values are given in 

TaMo I.    Even in the non-linear case,  those values are sufficiently accurate) 

since the non linear tern ie negligible for ciu.ll values cf t.   This adjast- 

r.«nt in the initial conditions «as cade to eliminate any possible affoct of 

the singularity caused by the discontinuity of u   v\*n t - 0.    It is by no 

means certain that such a precaution vciüd la .-.ccessary, and for th* linear 

case at least, it should be post.iMo to determine analytically the effect of 

ti* si.;{.-ularity. 

ProbVoaw of tids type involving (3.2.1) are designated VOL and those in- 

volving (3.3.2) HTM designate«.* "TaN.    fror ;"3*.' problems tl« solution u(x,t) 

rearer unts the te: pern tu re in a propellent i.iiere  the reaction rcta is deter- 

-l/u Bjiied ly "A.Q Arrlor.ius tera e        .    The prcpellant la as^uned to be a secd- 

iruirüte slab, 0 *x <oo. Tl« propollaat is '«att-d by a gas tt tearxjn.ture 

u i,;.ich o>:cupi,;s t:,e ration x < 0 ami ».hoco influwico on the pxcpelj.unt de- 

,KT.ds on tl* . »at tr-nsfor coofflcibnt h. In ord*r to be able to UK finite 

duVeronce nk.-U.0d3 »>e consider a slab of finite thickneea a and replace the 

condl tlcn    Lim u    • ü b; the condition (2.1.2b).    further details on the 
X-CO 

pJ-.vticai foLivction for thjsj ^rotlecs c«»y be found in 1,8J. 

In older to represent «sore accurately the physical situation, it «as 

c<*-*jti:.js necerr-iry to introduce "ehv.toff ■,• that is after a certain value of 

t, u    is _T«atly reduced.    Heaever, *.e call not do this in oar study. 

ae shall also not consider the detareirutlon of the "ignition tie»"" «hielt 

is tim tisa required for the value of tt(x,t) to increase abova a preasalgned 

value. 

m- 
& 1 
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Ke 3U11 assume O0 following value« for the parameters 

4 - 73,600 

c - .051 

u    - .18 

H - 2X10 

Prior to 19S2 a number of calculations «era dona on this problea at the 

*ban3ean Proving iJround ufcing the Bell Relay Computer tnd the Bniac.   The for» 

*ard Difference method «a: used with r • $ and several values of b.   la shall 

sake use of zone of these results in Section 5. 

u 

h 

.:-'';■-., -. 

*w **   » 
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*•    PqgcrtTtlon gf_ ^hc. Proc-.aa £rr ^>»c 

To run a particular problem »Uli ti<e program as precartly coded, It Is 

necessary to specify three rajor condition*) i.e.  (1)  tie dlfferert* 9><u.aticn 

to b» vxd, (2) the bcun^ry conditions, and (5) the r.tcer^r.' paranat«rs such 

as h, r, etc. 

All of the difference equations and boun-Viry co»:ditions däscribed in Sec- 

tion ? liave been coded UJL any problem involving tl.eso can be commuted using 

tho program.    Sxcept for   .m CKT nethod,  tha interior feints of the (j*l)tt 

roe are co_.pu.tec follomed by tl»e computation or iraertion of the bourviary valieo 

of tint re«.    Tide perrite the boundary conditions to be e.iüily njdified.    The 

»jr-endix contains the detailed equations used in tlie present coding. 

Unless othereisa instructed, the rachire • ill autus» tl-.t the differential 

(.■vtixticn is li.iaar.    In the non-lirear c.se it is necessary to instruct the 

-jc-.lno to confute the r.on-llnear tern. 

r'or the Qkt aethed, since the J-th and (>-l)ct ro»/j t r«r necas.try to coe»- 

pu'.e ti.c  (j*l)tt rm, (»c« *;>;v:ndLx), it was rrci'j«rj[ ».o ccrpcta tl* first re* 

ly u different a»thod.    ..e used the *i> nothud.    The -uilör a? rams nacerrary 

to le computed by the rO ntU.ee det«nds upon r, ..iuch i: voivss k, U.e i.icre- 

•-ent  in vijBB.    This is noted in the Aptwndix. 

i>or the CM bathed, "3* case, M.en U* valuis of  thu function becaave lar£*» 

Xsm iterative scbees would not converse.    A fj-ture «as added \n the rrotiaai 

iheieby if Urn rataber cf iterations e<ceedeJ a ,;i/en K   for the (J*l)et re«, 

the coding wot.Id revert buck to the t'J t«thcd zn& co.-*jnce c>xv".t*tlun fro« 

the >-tfa roe using r\ »here   r • r^2a   and 0 < r' € f. 

Shutoff, another future, can t» describee a« rjdvclnj; U.e gts terptrata.-^ 

3&-    1 [At 
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(uj or shutting off the gas flow after UM t   (m Section 3).    after coa>- 

puting J   rows (N> only), tha value of u   can be clanged for the (Js*l)et roe 

and tfaa refining roes« 

The parameters that oust tr chosen are I 

h - te/A 

r-k/h* 

5 witch - which ia the stopping procedure where S " S. stops the 

y. 

■»china after m rc*s and S - S    stops machino then '"MI 
exceeds or falls below a given tolerance. 

Besides these parameters, certain specific cases will require a specifica- 

tion of other inf creation, such ast 

!L(CN) - as explained above 

M (CN) - the relaxation factor.    If u is not specified, w - 1 

is assumed 

f (BVN)i    (.6 was used) 

H (XD)  s    (2*10      was used) 

u    (ND)i    (.18 was used) 
ft 

A (SO)  t    (75,600 was used) 

J , u (HD) - (shutoff)l    replaces u   by \T ' after coaputing 
• ft ft O 

J   rows. 

The non-linear tent was cos-puted by a floating poli.t subroutine »1th the 

exponential ractcr being computed by taking the first 15 terss of tha series 

expansion of e*>    Initially, Ute exponent was normlizedj i.e. placed in the 

for«   ••*"   »here J < |aj *■ 1, or » »0 where appropriate,    (»or the W case», 

« - 4 since all Tallies sere scaled by 2    .    »or ND cases, the presence of the 

exponent (- J) neceeelUUd 

i ! 
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-A a the nortaallsinf proc«£*r».)    TUnt* 2   •   uu co puted follcaed bgr a noroOitation 

of •".    Sine« e REJ desired, the scaling prebla« »as solved by the following! 

Therefore, it «as necreaarjr to square e*   a tiecs is, conputlntf the non-lieaar 

tent. 

t\ 

J-. 

t   * 

4 
I 

1    1 
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5.  AjaiaaijL at luffliia. 

In Tables II - IX we give the values of u(x,t) for the respective prob- 

lems as obtained by the various finite difference Methods.    Sealing factors 

are Indicated on the tables.    In each case the columns headed >D($) and >D(j) 

contain results obtained using the forward Difference net hod with r • § and 

r - ]/4, respectively.    Columns headed CN(l) and C1M(I) contain the result« 

obtained by using the Crank-Nicolson method using the iterative and non-iter- 

ative numerical procedures,  reepactivejy.    For different values of H - */*>, 

the following values of r are used 

M r 

8 V2 
16 1 
32 2 
64 4 

The coluan iieäded CNN(II) contains results obtained using the Crank-Nlcolson 

rwthod, non-iterative and with the following values of r 

8 1 
16 2 
U 4 
64 8 

The value of t can to obtained from the row number by multiplying the row 

nuabor by   ~^~ * •    T5ju8 tho row number equals t/k_ where k_ is the value of   ' 

k corresponding to U • 8 and r " 1/2.    The coluan headed 'Sniac" gives result« 

obtained on the Snlac using the Forward Difference rethod and r • 3/2. 

Corresponding to each of the row numbers 4, 8, 12, 16, and 20 and to the 

indicated values of sjk w« give the following results, when available, 

:-x- 
,Ä: 

.?-*- 
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Here a   represents the solution of the diffewnce equation being com Ids red 

*ith h - V»»-    Also, «16 - n16 - «a» * ' «iff^M» B"aM"n52"a16»C" •S*/*«» 

and 0 • «M * u     - u„.    In the brackets *s give the extrapolated value.    The 

estiswted value of p ueed in the extrapolation is given at Uie bottom of the 

columi,  (sea section 2.5).    >or the extrapolation «^ is used when available, 

otherwise e,    is used.    An asterisk in place .if e^2 /«j, indicates that the 

reputed value is not regarded as significant, usually because etf is too snail. 

An asterisk near an extrapolated value «ear.s that the value obtained fron the 

use of the scaliest aesh size is ^iven in place of the extrapolated value. 

5.1.    Equndary value linear (BVL).    In this cars the results obtained fro« 

tha Crank-Nicolson aetr.od »ith the iterative and Uie non-iterative noaarical 

Procedui«s ««.re identical.    Si/*« the ratios e^ /e^ are ck* to 4 itwbuld 

appear that eM - üdT2) and tUt extrapolation to sero grid sixe based, on 

a • 2 wight give good results.    Indeed, if one uses this procedure one "obtains 

altost identical results for all aethoda and very close agreement with the 

exact value as calculated fro« (3.3.2).   U note that the value« otUined fro« 

the forward Differ««« nethod «ith r-JandSt-Mar« considerably different 
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fron the exact values and that the extrapolation process has greatly improved 

the accuracy,    '-e also remark that Cor this particular problem the Crank- 

Hlcolson aathod is such sjore accurate than the forward Difference out hod 

although the extrapolated values are practically the 

1 

5.2.    Boundary value non-linear (BVN).    As in the linear case the values 

of «j/a.    ar», with the »D and CK methods, close to 4.    extrapolation to sero 

±-rid oize using   p " 4 and a * 2 yields results which are nearly the saae for 

both the kV aelhod (with r - \ as «ell as with r - 1/4) and for CN(I).    On the 

other land with the non-iterative procedures Clffl(I) and 001(11),  (where the  > 

less accurate difference equation obtained by replacing f_ by f_  in (2.5.2) 

»as used), the values of e   /•-,, *ere usually between 3 and 3.5.    Thus as 

expected, the order of convergence was less than for the other methods.    Nev- 

ertheless with an extrapolation using p " 3 »e obtained fairly accurate results, 

«socially for C<*ff(I). 

..e !«lieva that cosbininc CJfll with a few iterations, not cor* than five. 

»culd increaw the order of ccmv«r^nee. 

The «rror due to uairuj f    instead of f    in (2.3.2) varies approxioately 

as k     as can be seen fron cosparlru;  msults of CR(l) and CflN(I).    Thus for 

the löth row and for % * J wo have 

u CK(I) 

8 72534 

16 72868 

32 72*77 

CKH(l) OKD-CW(X) 

72400 134 

72821 «T 

72943 34 

(all valwa have teen aultiplied by ID5.) 

g*- **""*f"'«~—   7*a 

-^b^1. 

■■■■    ?.:. 



Exanining the differences 134, 67,  54 we observe that they are approximately 

in the ratios 4t2*I.    hence the differences appear to tend to uro Ilk« If* • 

This tends to confira our prediction that the» error introduced by using the 

less accurate difference equation   is of order X   * 

5.3.    Normal derivative Ußsar. ifflQ.-    In both tl« linear and the non- 

linear cases »e «re concerned with three options for representing the condition 

(2.1.2a).    fca first consider th« results obtained for the linear case for Options 

I, II, III a;; given in Tables IV, ¥, fl respectively,    AS in the boundary value 

linear case it did not matter whether cne used the iterative or the nan-iter- 

ative procedure for t)iO Grank-lticolson Get bod. 

i'ir Optier. I the values obtained by the forward Difference method for 

r * V* and r - 1/2 agree closely with ea'h other and with those obtained 

with CNN(I) and C»"i(II).    Bar.cd oh the observed value ;f p, extradiated 

values *«re obtair^J as ir.iicited.    01 conrs», in this -ase we can conclude 

little frc* the fact tint the extrapolated values obttined fro» the different 

nothwis a^rec with c«'h cth*r.    luaever,  the extrapolated values do agree 

rather cloi'ily -ith thuje obt^ir^d frc« remits using l^iion II and III, and 

the latter t*o agrn* with each other.    Uci«ov«r, the difference M     - u__ 

obta;ne-J for C&4(I) with Option III was mrj ?uill, and tme indicates that 

ufia *' probably vtrj close to the true valve of u.    Thus it »ould appear that 

in this care (2.1.5)  (Option I) is a reasonably satisfactory representation 

of (2.1.2a) provided en« uses the proper extrapolation procedure. 

finally we compare our results with the "exa:t" values obtained under the 

assumption that A is infinite, using the procedure given in [6]. These values 

are given on Table 1/ in braces,   ■ear the line x » a our values will not agree 

; I 
;   1 

! 

i 1 

■»"■  M * 
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with tlwH •exact» values, because in out can k Is finite,   nevertheless UM 

agreesrant 1» generally rattier close. 

Ve give in Table V the values attained on the Sniac using Option. II and 

the H> method »ith r - \.    Although the Erdac values and the Ordvac values 

listed under *D, a^ain «ith r » $, a^ree exactly for M • 8, exact agreenent 

cannot be experted for other values of It.    The reason for this is that A»64,400 

was uced for the Sniac results instead of A«73,80O as used on the Ordvac.    On 

the Bniac, instead of (2.1.14), the condition 

*as used to represent (2.1.2b).    Thus,  since G4,4OC/?5,GJ0 • 7/8 *e h*ve exact 

1,,-reenwnt in the case It «• 3. 

Hear the left hand boundary, p appears to be rather close to 4.0 so that 

*f use extrapolation based on a " 2.    W« note that u~ - u,fi is seali, and 

this indicates that u      is already mute accurate,    r'cr x/A " § tha use of 

p • J tetas indicated, and for x/* * i v* used p • 2.    It appears that the 

l^r^ett error« occurred at the ri£ht hand boundary. 

Siraiir roiulti «.ere o* U«tn«id f«  Option III as indicated in Table V. 

Of •:curs« for Option III it »aj possible to use CNil(I) and thus use aany fewer 

tiau rteps than »ere nec-st^ry far tue >or»ard 0ifferor.ee oethod. 

It JOCKS reascnahie to suppose that, ty using -jither (2.1.15)  or (2.1.17) 

to represent «or» •ccurj.'oly the right hand boundary condition, *n£ ty using 

Option III or III', the ratio o wculd be nearly 4 evcr/whvre and that extrapo- 

lation based on a • Z could Uve been used for all points. 

r;| 

—1 5.4.    |»1 ItfiaUa l^^. ÜO0>    The Enlec result, coined 

» oWIti» j * »,-  *«- 

.-1 
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using the rD Tethod for Option II indicite that extrapolation to sero grid 

aiM using a - 2 for x/k - 0, V* and a • 1 for x/k » 1/Z, 1 should be quit« 

accurst».    Tic saae also appears to be true for our Ordvac results.    Of course 

the extrapolated values obtained in the respective cases do not agree because 

of the difference in tue boundary conditions at x/k • 1, aa osntioned ab or«. 

The extrapolated values chtainod on the Ordvac using Option II and the KD 

nethcd also agroe very closely with these extrapolated values obtained using 

C»(l) with Option III      It is difficult to make definite statements as to the 

behavior of Ute C.VN nnthed except that the errors are small aril irregular, 

here,  of course,   Option III    «as used. 

For Optier. I  ti« ratios p are all a„proxi«v tely 2 «ith all difference 

©Hjatl?n3 a* In t(*  linear cas*.    Th* errors are eoaewhat larger and the 

cxtraoalatad valuta awwuhflt less accurate linn eith Option III. 

t i 

5>»S.    'hsI^Jlt iySA»    Hror«s 5 «-»ni C- rhcat the approximate tiews resulred 

to coeoute t * \Ck    rc*s bv the varicus utl.cls in both the lihsar arid in tl.e r a 
ior.-llrv;ar fj»j  res,* :' vt »ly.     The   tiftai  for BV prou2*ua aivi for HD ;>rob»in3 

*.-:« nearly the   r*oc.    Tl* jlopva for th* curv-jj Cvrre:p>-ndin/; to the >D, CH 

«.-.?! CV< mii.jils, after pro;.wr corr«ctioft* have been *ade to account for tho 

use  of djffe-vr.t  l^arithsac bases,  «r* -.»i-roxlattely 3,  S/2, ana Z respec- 
»      j/2 2 

tively.    U«two aj expected,  the tlwss in:r«-a»« as fcr, V       and k   respective- 

ly.    Vor the ntn-:i\*xr cs««s clout 10 tin.?« as auth aechine tis» %as required 

as for U* lin>*»r cases. 

The ru«Ler of iterations required using the Crank-Nlcolson nethod seer»! 

to be nearly independent of the the r the differential esuation »as linear cr 

non-linear o? whether Bf or W Vwndary conditions »ere used.    The foilos-irg 

•^ ->*plF*r**!*~s*e?-f 

%'t 
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Ubl. *». the i«b. cf . u«d for each K and the approxi^f —r of 

iteration« required per row. 

8 
16 
52 
64 

UK5 
1.069 
1.144 
1.375 

«o. of Iterations 
g*r Bo. • 

8 
n 
15 
20 

5.6.   XtffeUa iWlyilfl*    Conaldering U- .«ly.l. of tU reault. .3 

a *2,clc «e are 1«! to the fcllortnc tenUti« con=lu.iona. 

1. In the linear caw, th« error caused by the use of any «f the differ- 

ent« e*utlon. nur than the differential **uati.nS »arie» a. h*.    In the 

non-linear case tUi is true for tte *B and C* method, but for the C!»(I) and 
■etbod. 

CJM(II)Athe error rsries as h. 

2, The »« cf Option I «d the condition (2.1.1*) «««» * «/» * 1 **- 

due. error, of order h.    Cn th- other h«*.  th. «a. of Option II, .hen it can 

b. U9*d, «4 0:>ti.ru III and III' introduces error» of order h2. 

Further »crk x.xli incite tU follwiogl 

1. In the «-:».« c«... m« and i», try CHI «th a f^d »«tor 

of iteration» ir_l* pendent of h. 

2. tor JOT •-«. O» «th Option III' for the left h«v» boundary condition 

.nd (2.1.15) or W.1.1T) to rehear* the right Und boundary ccraUtloni. 

5.7.    tuXMMHLW**   i, ha- not rive» th. re«it. ^--h wer. 

obtain* u-i»« tL. »* -thod.   Th. ««-It. ahxch «er. ctUl-6 indicted that 

tu «thod aould «t U .. .ff^U« « the C* or C* «thnd.   *~«*, IhU 

l! 

i 

■jMMy Wlipi.iBW^,». M 

*V-       . i 

. ..in   ^mt*"m.. ,».iiJ.i,-iJ.i„.iiiiMjiiiijjuyij-, JMJ^ i^iw,ip,wu>: - 



try 

3» 

■achine.   Risults obtained in [si indicate that CM oust require thai k • o(h) 

In order to obtain eenvergeno«, «ad thai, www, the ester et cuHoupuu« 

it dependent en the order of hA ** k-*0.   alee, the fact that a. apodal pro- 

cedure appaara to ba needed to start the proeeea Ha a diaadvastace of the 

aathed. 

5 
i    ; 

II 

I 

:l 
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äff&ol 

PVL 
r/n 
NHL 

Uai si ttäzMla&lm 

US&SBl 

Tb« function f(x,t,i) 
 -i (1-1) 

0 

42 

SM (3.1.1) »it» gU) •!. 
SM (3.2.1). 
6ea (2.1.2). 
See (2.;.2). 

for both KDL and NON tiw ir.:M*j values ueed are fcivon in Tab!« I. 

iD Kornitrd Difl'vrenc« 

>-D(J)    uaes r • J 

rlH*j    uses r - J fD(i) 

CM Crank-Mlcolicn (it*rati»o) 

CM(I)    ms    r - J,  1, ?, 4    nth   II • 8,  16, 52,  64. reepectiv*^. 

CUM       Ciank-Niccleon (non-i*.»rativ») 

CM(I)    us«s    r - J,  I, 2, 4   »ith   « - 8, 16, 32, 64    r««?ectlwi*4jr. 

CNN(IJ)  UMS    r - 1,  2,  i, 8    MUI    ii - 8,  lö,  !<:, 04    res?ectl?#ljr. 

3     I 

« 

tt>        atfort-*rark«l 

*•    fcorvgcnU.Uur,a of (2.1.2>) - U&r KD profcltns only) 

Miai feiiea.li.oa 

i 
ii 

ill 
HI* 

(2.1.S) 
(2.1.7) 
(2.1.11) 
(21.13) 

r ■ m<m<miu «m ■■■ ■ ■ ■ „ ^       ^.^ ^^^ 
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TABU I 

Initial raluai for HD COM« 
(H-64) 

VA 
1,0 

V* a    «30* 
1,0 

VA v     -30T 

0 — 54304 •   5U2S ♦• 53D00 

33980 5U00 33000 

•    33077 V8 **• 53081 *   31000 

33395 51065 51000 

•* 33134 •  51052 V4 — 51000 

32894 51041 53000 

•    32674 *« 51055 •   31000 

32473 51026 33000 

1/8 — 52290 4 51020 •• 33000 

32125 51016 51000 

*   31977 V* **• 53012 • 31000 

31844 5100» 31000 

*• 3172« •   31007 7/8 ••«33000 

31621 31005 33000 

• 31S29 ♦•53004 '  31000 

51449 51005 33000 

1/4 •*• 3137S *  51002 «•33000 

51318 51002 31000 

*   31265 5/8 •" 53001 •  31000 

31220 51001 31000 

••suet * 51001 1 •«•53000 

SU» 53001 
« -I • 8 

«• -M -52, 18 

• •• -M • 8, 18, 8 

^P|^"£*fl!SW W'fOT1* m 



_«L 

16 

i 
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-HlfiL 

JSUSL 

8_ 

16. 

32 

BAg 

8__ 

^16_ 

_BA£L 

_16 

32 

JOAOL 

TIHLI n 

SGUITIOJB or xtimrBta NOATIOJ FOB ift 
(«11 nhM «ultipll«d tp 105.) 

rolii. 

JUS20L 
1303 

3.97/328 

L9260J 

328 
..ina. 
k.0/B2 
X723V 

&9260J 

1626 
2$67k 

3.98 Ä09 
26083, 

{2621: 
£^621 

33008 
201$ 

, 3?023 
J.9V506 

552?, 
98? 

& 
^569U 
iS62£ 

1*5312 
2527 

£.0/630 

62500 
It03it 

L 6653k  , 
3.66/1095 

»76» 

• - 

J2ÜL 

UJ823- 

2567k 
it09 

26083„ 
k.o/ioe 
,261ft 
fc621: 

3502; S 
35529 

3.93/127 
35656 
^56987 

81 

J.68/22 

l»7*39 
6b6 

_ MkB5 
3.99/162 

P69V 

6653k 
1095 

67629 
3.95A7H 

t— UeiimS 

mate 
19376 

|3.86/-lk 
-19265^ 
/19260J 

^2 
„26223 
ß621$r 

iiT, 

356954 

-QJIÜÜ 

19313- 
-5k 

19279_1 

26230 
-8 

i.0%2 

262 

Ä 
k9k8i4„k8322 

276 

3.1.8/80 
k8688 f k8680 

TÖ»8707j 

67581 ,-66330. 
1517 

ik.8l 
.679«-     '- 

_     JL. 

-3k009 - 
2299 

- 36308 3 
3.98/57l[ 

1668! 

_k6680_ | _k2520_i_SBn 
26itO 

kS^ 
7ÖB 

6k063 
3388 

1.127WJ 

97500 
2692 

>.m/537 

*» 
36885 330»   -270» 

5.5/ik5 **W MSAT 
Ü707f    570787   ß7oif 

708 

-Kb 

SOW« 
537 

kuJ/lV 
I9WV 

j*a_ 

J9Uk 

U7tt 

50316 
U3 

k. 

^ 

yn 

k.61/7« 
685» 
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Appendix 

FonMlaa Used for Onftrac Prom» 

Notation* 

o       - as discussed in Section S 

(n) u.   4 - value of function for n-th iteration 

Bracketed tera included only for the non-linear ease. 

S2 
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Compute 2    rows by FD technique using r'f «hart r • r'*2    f   O^Cr'^eSf. 

let 2* th row by FD be J - 1 (first row) for D>F.   Them 

•i,j.i" &"i.i,j * Vij " *4,M> 
4 »i,j-i ♦ [ir^ J 

UKI-1)    j»l 

Th« boundary conditions are the same as for the FD method, both B7 and MD. 
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